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We argue that in generic AdS/QCD models (confining gauge theories dual to string theory on a 
weakly-curved background), the couplings QpHH of any p meson to any hadron H are quasi-universal, 
lying within a narrow band near m?p/ fp. The argument relies upon the fact that the p is the lowest- 
lying state created by a conserved current, and the detailed form of the integrals which determine 
the couplings in AdS/QCD. Quasi-universality holds even when rho-dominance is violated. The 
argument fails for all other hadrons, except for the lowest-lying spin-two hadron created by the 
energy-momentum tensor. Explicit examples are discussed. 
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The couplings of the p meson to pions and to nucle- 
ons are remarkably similar, gp^^.^ ^ gpNN Q- Is this 
accidental or profound? Most other couplings of the p 
cannot be easily measured; even the coupling gppp is un- 
known. Lattice gauge theory at large number of colors 
N, where hadrons are more stable and the quenched ap- 
proximation is valid, could potentially be used to obtain 
additional information, but there have been few if any ef- 
forts in this direction. In the absence of constraints from 
data or from numerical simulation, the issue of whether 
the p has universal couplings to all hadrons has been left 
to theoretical speculation. 

In this letter we will reexamine the long-standing "p- 
coupling universality" conjecture 1]. We view the con- 
jecture as having two parts: (a) the p has universal cou- 
plings, and (b) the universal coupling is equal to m?^/ fp. 
There is very little reason to expect this conjecture to 
be exact in QCD, but even attempts to explain its ap- 
proximate validity have relied upon particular arguments 
which themselves are open to question. We will reex- 
maine this web of arguments in AdS/QCD. AdS/QCD 
offers us the opportunity to compute all the couplings of 
an infinite number of hadrons in a four-dimensional con- 
fining gauge theory. This makes it an ideal setting for 
testing theoretical arguments concerning the properties 
of hadrons. We will examine the AdS/QCD calculation 
of the p's couplings, and make estimates that show they 
lie in a narrow band near rn^/ fp. We will then check that 
this is actually true in explicit models. 

We will consider the form factor f//(g^) for a hadron 
\H) with respect to a conserved spin-one current. The 
same current, applied to the vacuum, creates a set of 
spin-one mesons \n), where n — 0,1, . . we will refer to 
the n = state as the "p" . At large N, a form factor for 
a hadron H can be written as a sum over vector meson 
poles, 
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where m„ and /„ are the mass and decay constants of 
the vector meson |n), and gnHH is its coupfing to the 
hadron H . (Henceforth we will use both subscript-p and 



subscript-0 to denote quantities involving the p.) Charge 
conservation normalizes the form factor exactly: we fac- 
tor out the total charge of the hadron H in our definition 
of Fniq^), so that 



Fh^ = 1 
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A classic argument in favor of p-coupling universality 
rests upon an assumption, p-dominance, which is sup- 
ported to some degree by QCD data. There is some 
ambiguity in the terminology, but by our definition, "p- 
dominancc" means that the p gives by far the largest 
contribution to the form factor at small q^: 
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Combined with |(2Jl, this condition implies, subject to cer- 
tain convergence criteria, that 
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which in turn proves gouH ~ tt^q/ fa for all H — in short, 
p-coupling universality. 

However, the convergence conditions for the sums over 
n are not necessarily met. Convergence cannot, of 
course, be checked using data. Meanwhile, p-dominance, 
though a sufficient condition for p-coupling universality, 
is clearly not necessary. The individual terms in the sum 
in Q could be large and of alternating sign, and still per- 
mit p-coupling universality. We will see later that this 
does happen in explicit AdS/QCD examples. 

A second and qualitatively different argument treats 
the p meson as a gauge boson Q , with the hope that the 
broken four-dimensional gauge symmetry might assure 
p-coupling universality. Hidden local symmetry P| is a 
consistent formulation of this idea, but does not have 
exact p-coupling universality as a consequence (except, 
possibly, in a limit when the p becomes massless relative 
to all other vector mesons, as proposed in 3J.) Instead, 
it is related .4] to a deconstructed version of AdS/QCD, 
and is subject to the arguments given below. 
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In AdS/QCD, where gauge theories with 't Hooft cou- 
pHng A = g^N {g the Yang-MiUs couphng, N the number 
of colors) are related to string theories on spaces with 
curvature ~ 1/"\/A, these issues take on a new light. Al- 
though the p cannot be treated as a four-dimensional 
gauge boson, a p meson in AdS/QCD is the lowest cav- 
ity mode of a /iwe-dimensional gauge boson. In the limit 
A — > cxD, the p meson, along with the entire tower of vec- 
tor mesons — the remaining cavity modes of the five- 
dimensional gauge boson — becomes massless. More 
precisely, the vector mesons become parametrically light 
compared to the inverse Regge slope of the theory, and 
thus to all higher-spin mesons. However, the universal 
properties of the /lue-dimensional gauge boson do not im- 
ply /9-coupling universality; they simply ensure that the 
corresponding global symmetry charge is conserved and 
that F{q^ ^ 0) = 1. 

Nevertheless, the AdS/QCD context offers a new and 
logically distinct argument for generic and approximate 
p-coupling universality, as suggested by 0]. This argu- 
ment does not rely upon the existence of a limit in which 
p-coupling universality is exact, and indeed there is no 
such limit. Even at infinite N and/or infinite A, the cou- 
plings of the p always remain quasi-universal. 

We will consider the string-theoretic dual descrip- 
tions of four-dimensional confining gauge theories which 
are asymptotically scale- invariant in the ultraviolet. 
For large A and N the dual description reduces to 
ten-dimensional supergravity, on a space with four- 
dimensional Minkowski coordinates x'^, a "radial" co- 
ordinate z, and five compact coordinates fi. The co- 
ordinates can be chosen to put the metric in the form 
ds^ = e'^'^'^'^lrj^^dxt'dx'' + R'^dz'^ / + R'^dsl; here R'^dsl 
is the metric on the five compact directions, and R ~ A^/^ 
is the typical curvature radius of the space. The co- 
ordinate z corresponds to 1/Energy in the gauge the- 
ory. The ultraviolet of the gauge theory corresponds to 
z 0; the gauge theory is nearly scale-invariant in this 
region, and the metric correspondingly is that of AdS^ 
(with e^"^^^^ = R"^ / z^) times a five-dimensional compact 
space W. The infrared, where confinement occurs, is 
more model-dependent, but generally the radial coordi- 
nate terminates, at z — Zmax ~ 1/A 0,0|- Importantly, 
the metric deviates strongly from AdS^ — scale invari- 
ance is strongly broken in the gauge theory — only for z 
on the order of Zmax- 

The form factor of a hadron H associated to a con- 
served current can be computed easily in AdS/CFT. 
A conserved current in the gauge theory corresponds to a 
five-dimensional gauge boson, which may arise as a gauge 
boson in ten dimensions (or a subspace thereof) or as the 
dimensional reduction of a mode of a ten-dimensional 
graviton. This gauge field satisfies Maxwell's equa- 
tion (or the linearized Yang-Mills equation) in the five- 
dimensional space, subject to Neumann boundary condi- 
tions at z — > Zmax- For each four-momentum there is 
a corresponding five-dimensional non-normalizable mode 
^'(g^, z)e*'''^ of the gauge boson. (The mode will also 



have some model-dependent structure in the remaining 
five dimensions, but this structure always factors out be- 
cause the gauge boson arises from a symmetry — for 
examples see 'ff, '9^.) The form factor is obtained by in- 
tegrating this mode against the current built from the 
incoming and outgoing hadron H. We take H to be spin- 
zero; the generalization to higher spin is straightforward. 
From the ten-dimensional wave function of the incoming 
hadron of momentum p, ^h{x, z, Q) = e'P'^0(z, il), and 
the corresponding mode for the outgoing hadron with 
four-momentum p' , we construct the current Jh(x, z): 




Here g is the metric of W . Equivalently, J^iz) — {p + 
p')Mei(p-p')-^crH(z) where 

aH{z) = J R^d^n (j)Hiz,n)(l}H{z,n)>0 . 

The hadron wave functions are normalized to unity: 

j dz ph{z) <jh{z) = 1 . (6) 

where p,H = e^^^'^^ R/ z (for a spin-zero hadron.) In terms 
of an , the form factor then reduces to 

FH{q^) =95 J dz p,h{z) *(g^z)aH(z) . (7) 

As 0, the non-normalizable mode ^(g^,z) goes to 

a constant, namely l/g^; then Eq. ([TJl becomes equal to 
Eq. jnj, enforcing the condition Fh{Q) = 1. 

Meanwhile, the p, as the lowest-mass state created 
by the conserved current, appears in AdS/QCD as the 
lowest normalizable four-dimensional cavity mode of the 
same five-dimensional gauge boson. The coupling goHH 
is computed in almost the same way, by integrating the 
p's ten-dimensional wave function tpo (which is trivial in 
the five compact dimensions) against the current of the 
ten-dimensional wave function 

9oHH = 95 J dz p,h{z)(Po{z)<Jh[z) . (8) 

Couplings gnHH for the n*^ vector meson are computed 
by replacing fo{z) with the n*'' mode function (pn{z). 

The function (po{z), as the lowest normalizable solution 
of a second-order differential equation, is typically struc- 
tureless and has no nodes. It can be chosen to be positive 
definite. On general grounds it grows as at small z 
(near the boundary) until scale-invariance is badly bro- 
ken, in the region z ~ Zmax- Also, because the p is a 
mode of a conserved current, it must satisfy Neumann 
boundary conditions (so that \E'(0,z) = l/gs is an al- 
lowed solution.) Generically it will not vanish at z„iax- 
We therefore expect that in the region z ~ Zmax tbe wave 
function (foiz) has a finite typical size (po- 
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We will now use these properties to make some es- 
timates of the above integrals. The normalizablc and 
non-normalizable modes are related by 



fnfniz) 



(9) 



Meanwhile, the p meson is normalized: 

1 ^ I dz fj.o{z)ipQ{z f ^ fj-o^lSz , (10) 



where Ho{z) = R/z is a slowly- varying measure factor, 
flo is the typical size of fxo in the region z ~ Zmax, and 
6z ~ Zmax/'2 is the region over which (po{z) ~ ipQ. Since 
\E'(0, z) = 1/^5, applying Eq. to Eq. © and using 
orthogonality of the modes tpn implies 

If 1 

fo/mo = — dz fiQ{z)(po{z) ^ —fiQi^oSz . (11) 
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For a scalar hadron H created by an operator of dimen- 
sion A > 1, the integrand of Eq. (jS)), fj,Hfo<^H ^ z^^^^, 
is small at small z. Thus the integral is dominated by 
large z z^ax, where the slowly- varying function ipo is 
of order (po. Therefore, using Eqs. 1©, (0, COI) and (fTT|l . 



fogaHH fag5'Po 



dz ph{z)<Jh{z) ~ 1 



(12) 



This approximate but generic relation applies to all H; 
it can fail for individual hadrons or in extreme models, 
but will generally hold. This explains the observations in 
0. In no limit, according to this argument, is p-coupling 
universality exact across the entire theory. Instead, our 
estimates show that approximate p-coupling universality 
is a general property to be expected of all p mesons in 
all AdS/QCD models. Strictly we have only shown this 
for scalar hadrons, but the argument is easily extended 
to higher spin hadrons. 

These estimates are invalid when the p meson mode 
is replaced with the mode for any other hadron, unless 
that hadron is also the lowest mode (structureless and 
positive-definite) created by a conserved current (with 
model-independent normalization and boundary condi- 
tion ai z = Zmax-) The only other hadrons of this type 
are the lowest spin-two glueball created by the energy- 
momentum tensor and (if present) the lightest spin-3/2 
hadron created by the supersymmetry current. 

Now let us see that this argument applies in the hard- 
wall model and D3/D7 model |^^], reviewed in the ap- 
pendices of 0- (These should be viewed as toy models, 
as neither is precisely dual to a confining gauge theory. 
Calculations in specific gauge theories, such as the dual- 
ity cascade @, are often straightforward but cannot be 
done analytically.) Our statements about the p meson 
modes in these models can be checked using Q, while 
those regarding the couplings goHH are illustrated in the 
figures below. Figure ^ shows the p's couplings g^aa 
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FIG. 1: The combination fogo^aa/'mo in the hardwall model, 
plotted as a function of a for all A < 40. 
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FIG. 2: The combination fngnaa/''^n in the hardwall model, 
plotted as a function of n for all a and A < 40. 



the scalar states | A, a) of the hard- wall model, as a func- 
tion of the excitation level a, for all A < 40. As expected, 
the couplings lie in a narrow range near 1. That this is 
true only of the p is indicated in Fig. |21 where the cou- 
plings of all hadrons to the n*'' vector meson are shown. 
Only the p's couplings lie in a narrow range near 1 and 
are always positive. These properties are also true in the 
D3/D7 model, shown in the next two figures (with the 
additional feature that the large-A limit and large-a 
limit of are equal.) 
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FIG. 3: As in Fig.Cl for the D3/D7 model. 

As is clear from the figures, both models include 
hadrons for which p-coupling universality is approxi- 
mately true but p-dominance fails badly. For instance, 
for the |2,9) state in the D3/D7 model, /o5a9 g/^o ~ 
1, but the terms in Eq. fall off slowly: for n = 
0,1,2,3,4... 



fng^nl,J< = 1-49, -1.21, 1.23, -1.12, 1.08, 



(13) 



Yet a naive test (Fig. of Eq. |j3l moderately supports 
p-dominance. Thus p-coupling universality can lead to 
apparent p-dominance even if p-dominance is false. This 
might be relevant for the success of the p-dominance con- 
jecture in QCD, which cannot be directly checked with- 
out measuring the higher gnHH- 
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FIG. 4: As in Fig.^ for the D3/D7 model. 




FIG. 5: F(q^) for the |2, 9) state of the D3/D7 model; here 
has a small constant imaginary part. A fit (thick line) with a 
single pole misleadingly supports p-dominance at small 



The exploration of a toy scenario provides some ad- 
ditional, though limited, perspective; it emphasizes the 
role of the mass spectrum of the vector mesons. For a 
scalar hadron created by an operator of dimension A, 
the condition of ultraviolet conformal invariance implies 
Fiq"^) q^^'-'^^^K This requires that at least A - 1 of 
the terms in the sum be non-vanishing. Suppose the sum 
is "maximally truncated" : only the first A — 1 couplings 
gnHH, n — 0, . . . , A — 2, are non- vanishing. Then the 
condition that F{0) — 1 uniquely fixes the coefficients in 
the sum: 
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The pattern of couplings thus depends on the pattern 
of masses; both p-dominance and p-coupling universal- 
ity can fail, and p-coupling universality can be true even 
when /9-dominance is false. If, for large fc, ~ 
with p < 1/2, then p-coupling universality fails at large 
A. A flat-space stringy spectrum mk ^ \fk is a border- 
line case, while the low supergravity modes of AdS/QCD 
have p = 1. Meanwhile examples in which p-dominance 
breaks down are easily found. If toj. ~ (fc + l)mo, then 
l/nffnffff/w^l is largest for n = but remains large for 
moderate n. If ruk ~ ^(fc + 2)(fc + l)/2 mg, as in the 
D3/D7 model, then, for large A, \ fngnHH I'rn^ is largest 
for n > and p-dominance is badly violated. Some spin- 
one modes in the D3/D7 model are maximally truncated, 
including the p, and for them p-dominance indeed fails. 

In sum, neither p-dominance, nor the hypothesis that 
the p is somehow a four-dimensional gauge boson, are 
logically necessary for p-coupling universality, exact or 
approximate. An independent AdS/QCD argument, ap- 
plicable only to the lightest mesons created by conserved 
currents, ensures the p's couplings are quasi-universal at 
large A. Could this argument be generalized to QCD? 
With suitable definition of hadronic wave- functions, us- 
ing operator matrix elements, it might be possible to di- 
rectly extend this line of thinking to theories at arbitrary 
A, including QCD. Alternatively, the applicability of our 
arguments at smaller A could be tested using numerical 
simulations of large- (quenched) QCD-like theories. 
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